Vasyl Stefanyk Precarpathian National University, [vano-Frankivsk, Ukraine
Selcuk University, Konya, Turkey
Institute of Mathematics of the National Academy of Sciences of Ukraine, Kyiv, Ukraine
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

of the National Academy of Sciences of Ukraine, Lviv, Ukraine
Interdepartmental Research Center “Lamberto Cesari”’, Perugia, Italy

IOWAT-2021

INTERNATIONAL
ONLINE WORKSHOP ON
APPROXIMATION THEORY

BOOK OF ABSTRACTS

March 19-21, 2021
Ivano-Frankivsk, Ukraine



Scientific Committee

Committee Co-Chairs

e Roman KUSHNIR (Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NASU,
Lviv, Ukraine)
e Anatolii ROMANYUK (Institute of Mathematics of NASU, Kyiv, Ukraine)

Committee Members

Vladyslav BABENKO (Oles Honchar Dnipro National University, Dnipro, Ukraine)

Dmytro BODNAR (West Ukrainian National University, Ternopil, Ukraine)

Anatolii HOLUB (Institute of Mathematics of NASU, Kyiv, Ukraine)

Anatolii KORENOVSKYT (Odessa I.I. Mechnikov National University, Odessa, Ukraine)

Oleh LOPUSHANSKY (Rzeszéw University, Rzeszéw, Poland)

Khrystyna KUCHMINSKA (Pidstryhach Institute for Applied Problems of Mechanics and Mathematics

of NASU, Lviv, Ukraine)

Dany LEVIATAN (Tel Aviv University, Tel Aviv, Israel)

e Nataliia PARFINOVYCH (Oles Honchar Dnipro National University, Dnipro, Ukraine)

e Volodymyr PELYKH (Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of
NASU, Lviv, Ukraine)

e Oleh SKASKIV (Lviv Ivan Franko National University, Lviv, Ukraine)

e Igor SHEVCHUK (Taras Shevchenko National University of Kyiv, Kyiv, Ukraine)

e Andrii ZAGORODNYUK (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)

Organizing Committee

Committee Co-Chairs

e Tuncer ACAR (Selguk University, Konya, Turkey)
e Roman DMYTRYSHYN (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)

Committee Members

Marian DMYTRYSHYN (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Viktoriia KRAVTSIV (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Mariia MARTSINKIV (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Mykhailo POPOV (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Volodymyr PYLYPIV (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Viktor ROMANYUK (Institute of Mathematics of NASU, Kyiv, Ukraine)

Viktor SAVCHUK (Institute of Mathematics of NASU, Kyiv, Ukraine)

Anatolii SERDYUK (Institute of Mathematics of NASU, Kyiv, Ukraine)

Serhii SHARYN (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Andrii SHYDLICH (Institute of Mathematics of NASU, Kyiv, Ukraine)

Igor SOKOLENKO (Institute of Mathematics of NASU, Kyiv, Ukraine)

Andrii SOLOMKO (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Serhii STASYUK (Institute of Mathematics of NASU, Kyiv, Ukraine)

Taras VASYLYSHYN (Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine)
Serhii YANCHENKO (Institute of Mathematics of NASU, Kyiv, Ukraine)

ISBN 978-617-8011-11-6 (© Vasyl Stefanyk Precarpathian National University, 2021



2021 International Online Workshop on Approzimation Theory, March 19-21, 2021, Ivano-Frankivsk, Ukraine

ABSTRACTS*

Jackson-type inequalities in the Musielak-Orlicz spaces

F.G. Abdullayev

Kyrgyz-Turkish Manas University, Bishkek, Kyrgyz Republic; Mersin University, Mersin, Turkey
fahreddin.abdullayev@manas.edu.kg

S.0. Chaichenko

Donbas State Pedagogical University, Slovians’k, Ukraine

s.chaichenko@gmail.com

A.L. Shydlich
Institute of Mathematics of NASU, Kyiv, Ukraine
shidlich@gmail.com

Let
M = {My(u)}rez, u >0,

be a sequence of nondecreasing convex functions, My(0) = 0, My(u) — oo as u — oco. The modular space (or
Musilak-Orlicz space) Sy is the space of 27-periodic Lebesgue summable functions f, defined on the real axis
such that the following quantity (the Orlicz norm of f) is finite:

1fll5g = SUP{ZMU?(W P >0, ) Mp(M) < 1}7

keZ kEZ

where
1 271'

ft =5 | fagean
are the Fourier coefficients of the function f.
Consider the set ® of all continuous bounded nonnegative pair functions ¢ such that ¢(0) = 0 and the
Lebesgue measure of the set {t € R: ¢(t) = 0} is equal to zero. For a fixed function ¢ € ® and for any f € Sm,
we define the generalized modulus of smoothness w,, of a function f € Sy by the equality:

we(f,0)y, == sup sup { Z)\kho(k‘h)f(k‘)\ : A >0, ZMk()\k) < 1}, § > 0.
[h|<é keZ kEZ

Let M(7), 7 > 0, be a set of bounded nondecreasing functions p that differ from a constant on [0, 7]. By

Qw(f,T,u,u)l’“\/[, u > 0,

denote the average value of the generalized modulus of smoothness w,(f, t)l*\/l of f with the weight u € M(7),

ie.,
1 u
Qo (f, 71 u)y, o= m/o Wso(fﬁ)f\/ldﬂ(%t)'

For any function f € Sy, denote by E,( f);/[ its best approximation by the trigonometric polynomials of
the order n — 1 in the space Sy.

Theorem. Assume that

Then for any n € N

where . 1t
I (7 11) = kell\lr:%Zn\/O cp(;)du(t).

*The abstracts are published in the author’s version without making any significant changes by the organizers. Authors are
responsible for the content of their abstracts.
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If, in addition, ¢ is non-decreasing on [0, 7] and

L o(rus) = / "o (t)du(t),

then inequality (1) can not be improved and therefore,

sup Enfia  _ pl(r) = p(0)
fESM Qtp(fv T, W, %);/I foT (p(t)dﬂ<t)
fF#const

Ulam stability for composition of operators

Ana Maria Acu

Lucian Blaga University of Sibiu, Sibiu, Romania

anamaria.acu@ulbsibiu.ro

Toan Rasa
Technical University of Cluj-Napoca, Cluj-Napoca, Romania

ioan.rasa@math.utcluj.ro

The Ulam stability (see, e.g., [4]) for composition of operators was investigated in the framework of Fréchet
spaces in [5], where the proofs had a "topological" character. Proofs with a "metric" character were given in
[1] in the framework of Banach spaces. A Cyp-semigroup (7'(t)):>0 with each T'(¢) Ulam stable was presented in
[1]. The paper [2] is devoted to a Cy-semigroup (R;) such that each R; with ¢ > 0 is Ulam unstable. A crucial
property was the injectivity of R;, derived from the injectivity of the Weierstrass transform, see [3]. In this
talk we give details concerning the above facts and add some new results. In particular, two open problems are
presented.

[1] Ana-Maria Acu, lIoan Rasa, Ulam stability for the composition of operators, Symmetry, 12, (2020), 1159;
https://doi.org/10.3390/sym12071159.

[2] Ana Maria Acu, loan Rasa, A Cy-semigroup of Ulam wunstable operators, Symmetry, 12, (2020), 1844,
https://doi.org/10.3390/sym12111844.

[3] John A. Baker, Functional Equations and Weierstrass Transform, Results Math., 26 (1994), 199-204.
[4] J. Brzdek, D. Popa, I. Raga, B. Xu, Ulam stability of operators, In Mathematical Analysis and Its Applica-
tions, 1st ed.; Academic Press, Dordrecht, The Netherlands, 2018.

[5] P.S. Johnson, S. Balaji, Hyers-Ulam stability of linear operators in Fréchet spaces, Appl. Math. Inf. Sci., 6,
(2012), 525-528.

On approximation of ratios of multiple hypergeometric functions
by branched continued fractions

T.M. Antonova
Lviv Polytechnic National University, Lviv, Ukraine

tamara.m.antonova@lpnu.ua

Continued fractions are effective tools for approximations of hypergeometric functions of one variable. In
most cases, a given function can be represented by several different types of continued fractions, each with its
own convergence domain [1, 2.
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Multiple hypergeometric functions are a natural generalization of the hypergeometric functions of one variable
[3]. Branched continued fractions (BCF) are used to construct rational approximations of functions of several
variables, in particular, to approximations of the ratios of multiple hypergeometric functions [4]-[10]. In this
case we need to solve the following problems:

e to construct the expansion of ratio of multiple hypergeometric functions into BCF;
e to investigate the convergence of this expansion;

e to prove that the BCF converges to a function which is an analytic continuation of the ratio of multiple
hypergeometric functions in some domain.

In this talk we shall consider some approaches to solving these problems.

[1] L. Lorentzen, H. Waadeland, Continued fractions with application, Elsevier, Amsterdam, 1992.

[2] A. Cuyt, V.B. Petersen, B. Verdonk, H. Waadeland, W.B. Jones, Handbook of Continued Fractions for
Special Functions, Springer, Dordrecht, 2008.

[3] H. Exton, Multiple hypergeometric functions and applications, Ellis Horwood, Chichester, 1976.

[4] D.I. Bodnar, Ezpansion of a ratio of hypergeometric functions of two wvariables in branching continued
fractions, J. Math. Sci., 64, (1993), 1155-1158.

[5] D.I. Bodnar, Multidimensional C-fractions, J. Math. Sci., 90, (1998), 2352—-2359.

[6] D.I. Bodnar, O.S. Manzii, Exzpansion of the ratio of Appel hypergeometric functions F3 into a branching
continued fraction and its limit behavior, J. Math. Sci., 107, (2001), 3550-3554.

[7] D.I. Bodnar, N.P. Hoyenko, Approzimation of the ratio of Lauricella functions by a branched continued
fraction, Mat. Studii, 20, (2003), 210-214.

[8] N. Hoyenko, T. Antonova, S. Rakintsev, Approzimation for ratios of Lauricella—Saran fuctions Fg with
real parameters by a branched continued fractions, Math. Bul. Shevchenko Sci. Soc., 8, (2011), 28-42, (in
Ukrainian).

[9] T.M. Antonova, N.P. Hoyenko, Approzimation of Lauricella’s functions Fp ratio by Norlund’s branched
continued fraction in the complex domain, Mat. Metody Fiz. Mekh. Polya, 47, (2004), 7-15, (in Ukrainian).

[10] T. Antonova, R. Dmytryshyn, V. Kravtsiv, Branched continued fraction expansions of Horn’s hypergeomet-
ric function Hs ratios, Mathematics, 9, (2021), 148; https://doi.org/10.3390/math9020148.

On modified Mellin-Gauss-Weierstrass convolution operators

Ali Aral
Kirikkale University, Kirikkale, Turkey

aliaral73@yahoo.com

This study is devoted to Mellin operators and their variants to improve approximation accuracy and approx-
imate ratio. Two Mellin type operators are reconstructed by using two sequences of functions to enable better
approximation. Keeping the idea of Mellin convolution, these classes aim to be associated with functions defined
on the semi-real axis, and the afine and quadratic functions pairs are fixed. It has been shown, both theoretically
and numerically, that the operators can be used to approximate function. Indeed the approximation accuracy
can be adjusted by tuning the parameters. Moreover, weighted approximation, as well as Voronovskaya type
results, are studied throughout the study. The advantages of each operator over the other in terms of both
approximation errors and convergence rates are presented.
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Approximation by discrete operators of Max-Product kind

Ismail Aslan
Hacettepe University, Ankara, Turkey

ismail-aslan@hacettepe.edu.tr

Tiirkan Yeliz Gokger

TOBB University of Economics and Technology, Ankara, Turkey
y.gokcer@etu.edu.tr

In this presentation, we investigate pseudo linear discrete operators, where the discrete kernel satisfies some
suitable assumptions. We intuitively inspired by the researches [1-3]. Our aim is to prove the max-product
approximation of these discrete operators for both univariate and multivariate cases. We also study the order of
convergence. In the end, we illustrate our estimations for both cases with some kernels which fulfill our kernel
assumptions.

Acknowledgements. Both of the authors are supported by TUBITAK 3501 Career Development Program,
Project ID: 119F262.

[1] L. Angeloni, Discrete operators of sampling type and approzimation in ¢-variation, Math. Nachr., 291,
(2018), 546-555.

[2] I. Aslan, Approzimation by Sampling type Discrete Operators, Communications Faculty of Sciences Univer-
sity of Ankara Series A1 Mathematics and Statistics, 69, (2020), 969-980.

[3] B. Bede, H. Nobuhara, M. Daikovd, A. Di Nolar, Approzimation by pseudo-linear operators, Fuzzy Sets
Syst., 159, (2008), 804-820.

Approximation of some classes of L-space valued periodic functions
by generalized trigonometric polynomials

Vira Babenko
Drake University, Des Moines, USA
vira.babenko@drake.edu

Vladyslav Babenko, Oleg Kovalenko, Nataliia Parfinovych
Oles Honchar Dnipro National University, Dnipro, Ukraine

babenko.vladislav@gmail.com, olegkovalenko90@gmail.com, nat-vic-par@i.ua

Let C and Ly, 1 < p < oo, be the spaces of 2r-periodic functions f : R — R with norms || - ||¢ and || - ||,
respectively. Let also X be L,, 1 <p < oo, or C, and H be a finite-dimensional subspace of the space X. For
M C X we set

E H)x = inf —T|x. 1
(M, H)x sup jnf, If = Tllx (1)

Quantity (1) is called the best approximation of the class M by the subspace H in the metric of the space X.
As usual, by K * ¢ we denote the convolution of the functions K € L, and ¢ € L;. For 1 < p < oo set

Fy={peLly |el, <1} and KxF,={Kx*p:p¢€Fp}

It is well known that many important classes of numerical periodic functions are classes of the type K x F,.

By HL, ,,n=1,2,..., we denote the set of trigonometric polynomials 7}, (z) of degree at most n — 1.

We say that a kernel K satisfies the condition N}, if there exist a polynomial 7% € HJ | and a point
6 € [0,7/n] such that (K(x) — T*(z))pn(z — ) > 0 almost everywhere. Here and in what follows,

©on () ;= sgnsinnx.

Many kernels important for the approximation theory satisfy the condition V.
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Theorem (S.M. Nikol’skii). If a kernel K satisfies the condition N, then
E(K * Fos, Hy, y)c = E(K + 1, Hyy 1)1 = E(K, Hy, 1)1 = || K % gullc.

We generalize this and some other known results to the case of the best approximation of L-space valued
functional classes (i. e. the range of the functions belongs to a semi-linear metric space with two additional
axioms, which connect the metric with the algebraic operations) by generalized trigonometric polynomials.
Consideration of L-space valued functions gives a unified approach to solutions of a series of extremal problems
for the classes of multi- and fuzzy-valued functions, as well as for the classes of functions with values in Banach
spaces, in particular random processes, and many other classes of functions.

Optimal recovery of monotone operators in partially ordered
semi-linear metric spaces

Vira Babenko
Drake University, Des Moines, USA

vira.babenko@drake.edu

Vladyslav Babenko, Mariya Polischuk
Oles Honchar Dnipro National University, Dnipro, Ukraine

babenko.vladislav@gmail.com, polishchuk.mariya@gmail.com

The concept of quasinormed space was introduced by S. Aseev in 1985. The axioms of a quasinormed space
are satisfied for example by the space of closed bounded subsets of an arbitrary Banach space, as well as many
spaces of fuzzy sets. We consider the problem of optimal recovery of monotone operators in the space of functions
with values in quasinormed spaces. In particular, we obtain a wide generalization of Kiefer’s well-known result
on the optimal recovery of integrals of monotone functions defined on a finite interval.

The nonlocal boundary value problem with perturbations of mixed
boundary conditions for an elliptic homogeneous equation with
constant coeflicients

Ya.O. Baranetskij

Lviv Polytechnic National University, Lviv, Ukraine

baryarom@ukr.net

M.I. Kopach, A.V. Solomko
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

kopachm2009@gmail.com, ansolvas@gmail.com

In this report we continue to investigate the properties of the problem with nonlocal conditions, which are
multipoint perturbations of mixed boundary conditions, started in [1,2].

Let G := {2z := (z1,72) € R? : 0 < m1, w3 < 1}, Dy, D5 be the operators of differentiation by the variables
1, To respectively.

Let’s consider the multipoint problem

L(D)u:= a,Di’D3" *u=0, z € G, (1)
p=0
ls1u = D%S_2u|x1=0 + D%3_2u|$1=1 =0,s=12,..,n, (2)
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gn-}-s,lu = D%s_2u|x1=0 - D%s_2u|$1=l = Oa s = 17 27 sy Ty (3)
Coou = D3 2ulpy—o + D3 2ulp,=1 = fs(x1), s =1,2,...,m, (4)
€n+5>2u’ = Dgs_lu‘$2:0 + DSS_1U|I2:1 + gsu = fn+s(xl)7 s = 1) 27 ...771, (5)

ks m
b= by DIU(D) 2y=zs 5 =1,2, .01, (6)

q=0r=1
0= To1 < T22 < ..<Xog = 1, ap, bq,r,s €R,
q=0,1,.., ks, ks <2n, r=0,1,....m, s=1,2,....n, p=0,1,...,n.

We construct the operator which maps the solutions of the self-adjoint boundary-value problem with mixed
boundary conditions (bg,,s = 0) to the solutions of the investigated multipoint problem.

In the case of an elliptic equation the conditions of existence and uniqueness of the solution for the problem
(1)-(6) are established.

[1] Ya.O. Baranetskij, P.I. Kalenyuk, M.I. Kopach, A.V. Solomko, The nonlocal boundary value problem with
perturbations of mized boundary conditions for an elliptic equation with constant coefficients. 1, Carpathian
Math. Publ., 11, (2019), 228-239.

[2] Ya.O. Baranetskij, P.I. Kalenyuk, M.I. Kopach, A.V. Solomko, The nonlocal boundary value problem with

perturbations of mized boundary conditions for an elliptic equation with constant coefficients. 2, Carpathian
Math. Publ., 12, (2020), 173-188.

Multidimensional analogue of Thron’s theorem about twin parabolic
convergence regions for continued fractions

Iryna Bilanyk
Ternopil Volodymyr Hnatiuk National Pedagogical University, Ternopil, Ukraine
i.bilanyk@ukr.net

Dmytro Bodnar, Olha Voznyak
West Ukrainian National University, Ternopil, Ukraine
bodnar4755@ukr.net, olvoz@Qukr.net

Branched continued fractions (BCF) is a multidimensional generalisation of continued fractions. Lately, it
is intensively developed the theory of BCF of the special form with complex elements

oo k-1

by + D Z Bith)

k=1ip=1 bik)

where 7o = NV is a fixed natural number.

Theorem. Let the elements of the BCF

-1

(bo DY ;’”) 0

k=11ir=1

lie in parabolic domains, that is a;y € Pix), i(k) € I, where

2D?
Tk (1-¢) cosQ’y} ,
k-1

I:{Z(k) i(k):(il,i27...,ik), lgipgip,h 1§p§k7 iOZN},

Pik) = {z €C:|z| —Re(ze>7) <
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where Dayg = (1—d)?, Dogy1 =d?, 0<d<1, s=1,2,...; the ¢ is an arbitrary small real number (0 < & < 1).
Then

1) there exist finite limits of even and odd approximants of the BCF (1);

2) the BCF (1) converges if the following series diverge

M fampen|* m=TN,
p=1
S aimymipsnt] 2 i(n) €T m = TN — 1

p=1
I = {i(k) = (i1 b2, ... i) tm+ 1 <ip <ipy < ... <o k> 15 dg = N},
mlp] =m,m,..m; p=1,2,... .
————
p

[1] W.J. Thron, Two families of twin convergence regions forcontinued fractions, Duke Math. J., 10, (1943),
677-685.

Generalized Hermite polynomials in the description of fractional
calculus and other applications

Clemente Cesarano
Section of Mathematics - Universita Telematica Internazionale Uninettuno, Roma, Italy

c.cesarano@uninettunouniversity.net

Using the concepts and formalism of different families of Hermite polynomials, we here discuss how to
represent the action of the operators involving fractional derivatives and we introduce a family of polynomials
strictly related to the Hermite polynomials in order to compute the effect of fractional operators on a given
function. Finally, we present some generalizations of polynomials belonging to the Bernoulli class. In particular,
by using the generating function method and the concept and formalism of the two-variable Hermite polynomials,
we introduce the generalized Bernoulli polynomials.

Two-dimensional generalized moment representations and Pad’e
approximations for pseudo-twovariate functions

L.O. Chernetska
Institute of Mathematics of NASU, Kyiv, Ukraine

liliia.cher.liliia@gmail.com

Generalized moment representations are used to study the so-called pseudo-twovariate functions
oo 00 iry iy
_ 5 kgm _ 2f() —wf(w)
f(z,w)—zz:sk+mzw = T w )
k=0m=0

where

f(z) = Z E
k=0
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We construct Padé-type approximants explicitly for Humbert confluent hypergeometric series [1]

Fi(1; 2;z) — Fi(1; 2;
f(z:,w):<I>2(1,1,V—|—a—|—2,z,w):Z1 iy tot2iz) —wiki(livtot ,w)’ v,o > —1.
Z—w

We consider the partial case for v+ o0 = —1:

we¥ — ze*?

Flew) = 222 1)

w—z

Note that the numerical examples presented in [2] are connected with the computation of rational approxi-
mations obtained as certain two-dimensional generalizations of Pad’e approximations for the function (1).

[1] A.P. Holub, O.A. Pozharskiy, L.O. Chernetska, Generalized moment representations and multivariate mul-
tipoint Padé approzimants, Ukr. Math. J., 71, (2020), 1522-1540.

[2] A. Cuyt, Padé Approzimants for Operators: Theory and Applications, Springer, Berlin, 1984.

Adaptive approximation by sums of piecewise polynomials
on sparse grids

O. Davydov

University of Giessen, Giessen, Germany

Oleg.Davydov@math.uni-giessen.de
O. Kozynenko, D. Skorokhodov

Oles Honchar Dnipro National University, Dnipro, Ukraine

kozinenkoalex@gmail.com, dmitriy.skorokhodov@gmail.com

Let Q C R?, d > 2, be a bounded domain. We call a partition A of Q convex if every cell w € A is convex.
For N € N, denote by Py the set of all convex partitions of {2 comprising at most N cells.
For a function f € L,() we define its N-term approzimation error by

N
on(fD)y= it |f=Y e
i=1

9:€D,i=1,...,

Ly(Q)

where ¢; € R for ¢ = 1,...,N and D is an arbitrary set of functions in L,(2) (dictionary). In our case of
piecewise constant approximation, we consider dictionaries: Dc — set of characteristic functions of arbitrary
convex sets, and Dg — set of characteristic functions of arbitrary simplexes.

It is easy to see that
const

N

UN(faDC)oo 2

for any measurable function.

It has been shown in [1] that piecewise constants on a partition which consist of N convex polyhedra provide
the L,-approximation order O(N~2/(¢*1) for functions from Sobolev space W2, where d is the number of
variables, 1 < p < 0o and 1 < ¢ < oo satisfy inequality

2 1 1
—+-—=-20.
d+1 p ¢
This order cannot be further improved for any function whose Hessian is positive definite at some point [2]. This
implies oy (f, Dg) = O(N?/(@+1) for such functions. Although still suffering from the curse of dimensionality,
this bound is significantly better than the standard order O(N -1/ 4) expected from piecewise constants on
isotropic partitions.

10
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On the other hand, it is easy to see that piecewise constant sparse grids approximation implies on (Dg), =
O(N—! =Y N ) for functions in Sobolev spaces with dominating mixed derivatives. We improve this bound
and show that piecewise constant sparse grids approximation as linear combinations of Haar tensor product
functions leads to to

~(Ds)p = O(N~HIn3@=D/2 N)

for 1 < p < co. Case d =2, p = 2 was previously proved in [3]. Also, using a modification of the sparse grid
approximation by employing some techniques of [1,2], in the 2D case we improve this error from

on(f,Ds)oo = O(N"1IN® N)  to on(f,Ds)ec = O(N"InN).

[1] O.Davydov, O. Kozynenko, D. Skorokhodov, Optimal approzimation order of piecewise constants on convex
partitions, J. Complex., 58, (2020), 101444; https://doi.org/10.1016/j.jc0.2019.101444.

[2] O. Davydov, Approzimation by piecewise constants on convex partitions, J. Approx. Theory, 164, (2012),
346-352.

. Oswald, On N-term approzimation by Haar functions in H*-norms, in Approximation and Fourier Series
3] P. Oswald, On N imation by Haar f i in H* in A imati d Fourier Seri
(S. M. Nikolskij, B. S. Kashin, A. Izaak, eds.), AFC, Russian Academy of Science, 1998.

Interpolation rational integral fraction of Hermitian-type
on a continuum set of nodes

I.I. Demkiv, P.Ya. Pukach

Lviv Polytechnic National University, Lviv, Ukraine
ihor.i.demkiv@lpnu.ua, petro.y.pukach@lpnu.ua

M.I. Kopach, A.V. Solomko
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

kopachm2009@gmail.com, ansolvas@gmail.com
The number of publications are devoted to the approximation of functionals
F: L(0,1) - R!

on a continuum set of nodes

2"(2,&") = zo(2) + ZH(Z — &) [wi(2) — wic1(2)],

5712(61,52,...7571)69271:{zn: 0§Zl< Szngl},

for example [1]-[3].
In our research
x;(2) € Q0,1], i=0,1,...,

are arbitrary fixed elements of the space Q[0, 1] of piecewise continuous functions on a segment [0, 1] with a finite
number of discontinuity points of the first kind. The set of such functions is called the interpolant framework
and H(t) is a Heaviside function.

These works can be divided into two groups. The first group includes papers in which polynomial interpo-
lation of functionals is investigated. The second group includes the works that are devoted to representation of
functionals by chain fractions.

The purpose of this research is to construct and study an integral rational approximation of a functional
on a continuum set of nodes, which is the ratio of a functional polynomial of the first degree to a functional
polynomial of the second degree.
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The kernels under the integral are determined from the corresponding continuum conditions. In this case,
we obtain an integral equation to determine the kernel of the numerator integral. This integral equation using
simple transformations is reduced to the standard form of the integral Volterra equation of the second kind.
The lemma on the existence of a single solution of this equation is proved.

Substituting the obtained solution into expressions for the rest of the kernels, we obtain expressions for all
kernels included in the integral rational interpolant. In this case, in order for a rational third-order functional
to be interpolation on continuum nodes, it is sufficient for this functional to satisfy the substitution rule.

Note that the resulting interpolant is such that holds any rational functional of the obtained form.

To obtain a functional interpolation rational interpolant with two double interpolation nodes, we use con-
tinuous Hermitian-type interpolation conditions. Then, in order for a rational third-order functional to be
interpolation on continuous nodes, it is sufficient for this functional to satisfy the substitution rule.

Note again that the resulting interpolant is such that holds any rational functional of the obtained form.

[1] I.I. Demkiv, Interpolation functional polynomial of the fourth order which does not use substitution rule, J.
Numer. Appl. Math., 100, (2010), 40-59.

[2] I.I. Demkiv, An interpolation functional third-degree polynomial that does not use substitution rules, J.
Math. Sci., 180, (2012), 34-50.

[3] Y.O. Baranetskij, I.I. Demkiv, M.I. Kopach, A.F. Obshta, The interpolation functional polynomial: the
analogue of the Taylor formula, Mat. Stud., 50, (2018), 198—203.

Best approximations by analytic vectors relative to operators
with discrete spectrum

Marian Dmytryshyn
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine

marian.dmytryshyn@pnu.edu.ua

In a Banach space (X, || - ||x) we consider a closed linear operator A: D'(A) — X with dense domain D'(A).
We assume that A has a discrete spectrum o(A), i.e., its resolvent R(\,A) = (A — A)~! has only isolated
eigenvalues {\; € C: j € N} of finite multiplicities, which are poles with the limit at infinity.

For any v > 0 and k € Z we put

Ty = (A/v)Fz, 2 €D®(A):= ) DFA).

keZ4

Let {7} ,}rez, denotes the rearrangement of the elements by magnitude of the norms:

[zl = 21z 2o = g, lle =

For 1 < g < oo and 1 < p < oo the subspaces £; ,(A) of analytic vectors relative to A have the following form:

/
EY(A) = {a: € X: ||lzlley, (a) = (Z%Nﬂmzﬂu“i %_1)1 "< OO}

(specified also for p = o0).

We prove the inequalities that provide an accurate estimate of errors for the best approximations by the
subspaces &; p(A). The obtained estimates of approximation errors are expressed in terms of the quasinorms of
the approximation spaces Bj ,  (A) associated with A (see [1]).

The essential in our approach is that the approximation spaces B3 _(A) can be identified with the interpo-

ap.T
lation spaces obtained by the real method of interpolation.
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For 0 < 6 < 1, we use the normalisation factor

o —-1/r
No., = (/ tr(19)1(1+t2)r/2dt> , 1<7r<oo,

9_0/2(1—0)_(1_9)/2, T = 00,

to write the constants in estimates of approximation errors. This normalisation factor is determined by the
parameters 7 and s of the approximation spaces

B, (A (0=1/(1+s),r=1/0)

q,p,T

and has a form
Np.o = ((2/7) sin(n0))*/?
in the case r = 2.

Exact estimates for approximation errors of spectral approximations for unbounded operators in Banach
spaces, using the Besov-type quasinorms and normalisation factor

Né,r = [Te(l - 9)]1/7“

for 1 < r < oo and Ny = 1, are given in [1]. The normalisation factor Ny, is used in [2] to study the
approximation problem by invariant subspaces of analytic vectors relative to positive operators in Banach
spaces.

[1] M. Dmytryshyn, O. Lopushansky, On Spectral Approzimations of Unbounded Operators, Complex Anal.
Oper. Theory, 13, (2019), 3659-3673.

[2] M. Dmytryshyn, Approzimation of positive operators by analytic vectors, Carpathian Math. Publ., 12,
(2020), 412-418.

Approximation of analytic functions of several variables by
multidimensional regular C-fractions with independent variables

Roman Dmytryshyn
Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine
dmytryshynr@hotmail.com

Let N be a fixed natural number. Let us introduce the following sets of multiindices:
Iy = {i(k) : i(k) = (i1, 82, ...,ik), 1 <ip <ip_1, 1<p<k, ig=N}, k>1
A branched continued fraction of the form

N iz a2 2 g2
Z (11) 1+Z (21) 2+Z (31)73+...,

i1=1 io=1 iz3=1

where the a;;) € C\ {0}, i(k) € Ty, k > 1, and z = (21,22,...,2n) € C¥, is called a multidimensional regular
C-fraction with independent variables.

In [1, 2, 3] we obtained some estimates of the rate of convergence for multidimensional regular C-fractions
with independent variables in some regions (here region is a domain together with all, part or none of its
boundary). We also constructed an algorithm for the expansion of the given formal multiple power series into
the so-called corresponding multidimensional regular C-fraction with independent variables (see [4]). A few
numerical experiments show, on the one hand, the efficiency of the proposed algorithm and, on the other, the
power and feasibility of the method in order to numerically approximate certain analytic functions of several
variables from their formal multiple power series.
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[1] T.M. Antonova, R.I. Dmytryshyn, Truncation error bounds for branched continued fraction
Zf.\lf:l a"{” N S a"{” n S a"f" 4 - Ukr. Math. J., 72, (2020), 877-885.

in=1 is=1

[2] T.M. Antonova, R.I. Dmytryshyn, Truncation error bounds for branched continued fraction whose partial
denominators are equal to unity, Mat. Stud., 54, (2020), 3-14.

[3] O.S. Bodnar, R.I. Dmytryshyn, S.V. Sharyn, On the convergence of multidimensional S-fractions with
independent variables, Carpathian Math. Publ., 12, (2020), 353-359.

[4] R.I. Dmytryshyn, Multidimensional regular C-fraction with independent variables corresponding to formal
multiple power series, Proc. R. Soc. Edinb. Sect. A, 150, (2020), 1853-1870.

Simultaneous approximation by operators

Borislav R. Draganov
Sofia University “St. Kliment Ohridski”, Sofia, Bulgaria

bdraganov@fmi.uni-sofia.bg

In 1912 S. Bernstein constructed a sequence of algebraic polynomials associated to a function to give a
very simple proof of the fundamental Weierstrass approximation theorem about the uniform approximation
of continuous functions on compact intervals by algebraic polynomials. For f € C[0,1] and n € N these
polynomials, now known as the Bernstein polynomials, are defined by

Bo(f,2) == kzi%f (i) (Z)ﬁ(l —z)"F ze0,1].

We have
lim B,(f,z) = f(z) uniformly on [0,1].

n—oo

Later on, it was observed that the derivatives of the Bernstein polynomials similarly approximate the correspond-
ing derivatives of the function, provided that it is smooth enough. This phenomenon is known as simultaneous
approximation. I will present results that describe the rate of this approximation. For example, in the uniform
norm || o || on [0, 1], they have the form

I(Buf) = 11l < e (W3 n %)+ en(fn )

and
_ s — 1 S
1Bnf) = £ <c(wi<f<s>,n V) e (f 07+ 1 >|>, 522,

assuming that f has continuous derivatives up to the indicated order. Moreover, these estimates cannot be
improved. Above, w; (F,t) is the classical modulus of continuity of F' in the uniform norm on [0,1], and w?(F, )
is the Ditzian-Totik modulus of smoothness of second order with step-weight ¢(z) := \/z(1 — x) in the same
norm. Actually, such results are valid in the L,-norm with Jacobi-weights under certain natural restrictions on
the weight exponents.

I will also present similar relations about the Baskakov and the Szasz-Mikarjan operators.

The last topic I will address is the fascinating subject of the approximation of functions by algebraic poly-
nomials with integer coefficients. In 1931 L. Kantorovich introduced the following modification of the Bernstein

polynomials )
Balhi =3 [f (fj) (Zﬂ (-2t we 0,1,

where [a] denotes the largest integer that is less than or equal to the real .. L. Kantorovich showed that B, (f)
approximates f in the uniform norm on [0,1] iff f(0) and f(1) are integers. I will present an extension of this
result with regard to simultaneous approximation.
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Approximative characteristics of the Nikol’skii-Besov-type classes of
periodic functions

0.V. Fedunyk-Yaremchuk, M.V. Hembars’kyi, S.B. Hembars’ka
Lesya Ukrainka Volyn National University, Lutsk, Ukraine

fedunyk.o.v@gmail.com, hembarskyi@gmail.com, gembarskaya72@gmail.com

We study the classes B, of periodic functions of several variables [1] with

d
o =w|]]t].
j=1

where w is a given function (of one variable) of the type of a modulus of continuity of order [ that satisfies the
conditions (S%) and (.5;), which are called the Bari-Stechkin conditions [2]. For a certain choice of function €2,
the classes Bﬁe coincide with analogs of the well-known Nikol’skii-Besov classes By 4 [3].

Let
d

Loo(mg), ma= H[O; 27),

j=1
be the space of essentially bounded functions f(x) = f(x1, ..., z4), which are 2m-periodic in each variable, with
the norm

[flloe = ess sup |f(2)].

TETq

Let {u;}}, be an orthonormal system of functions u; € Loo(m4), i = 1, M, and let

M

i=1

be the orthogonal projection of the function f onto the subspace generated by the system of functions {u;},.
We obtain exact order estimates of orthowidths of the classes Bﬁg in the space By 1, which norm is stronger
than the L..-norm. For the functional classes B;?.a C Boo,1, these quantities are defined as follows:

M
1 Q _ ) — N (-
(Bl Bc) = i, sup |0 =D (Fwut)],

The following theorem holds true.
Theorem. Let

d
d>1, 1<p<oo, 1<0<o0, Q) =w Htj ,
j=1

where w satisfies condition (S) with some o > 1/p and condition (S;). Then for any M,n € N, such that
M =< 2"n?=1 the relation
dy(BSy, Boo,1) = w(27 )2/ Pp(d=D(-1/6)

holds.
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[1] S. Yongsheng, W. Heping, Representation and approzimation of multivariate periodic functions with bounded
mized moduli of smoothness, Tr. Mat. Inst. Steklova, 219, (1997), 356-377.

[2] N.K. Bari, S.B. Stechkin, The best approxzimations and differential properties of two conjugate function,
Trans. Moscow Math. Soc., 5, (1956), 483—-522.

[3] P.I. Lizorkin, S.M. Nikol’skii, Spaces of functions with mized smoothness from the decomposition point of
view, Tr. Mat. Inst. Steklova, 187, (1989), 143-161.

Approximation by discrete operators of Max-Min kind

Tiirkan Yeliz Gokcger
TOBB University of Economics and Technology, Ankara, Turkey
y.gokcer@etu.edu.tr

Ismail Aslan
Hacettepe University, Ankara, Turkey

ismail-aslan@hacettepe.edu.tr

In this presentation, we aim to obtain the approximation to the multivariate functions via max-min type
discrete operators and for this, we also investigate the proper conditions provided by the discrete kernels.
Additionally, we estimate the rate of convergence. We also note that the papers [1-3] are the main motivation of
this research and some approximation studies with max-min operators satisfying the pseudo-linearity are given
in [3, 4]. At the end of this study, using these operators, we also give graphs for the approximation to univariate
and bivariate functions with discrete kernels that satisfy the conditions.

Acknowledgements. Both of the authors are supported by TUBITAK 3501 Career Development Program,
Project ID: 119F262.

[1] L. Angeloni, Discrete operators of sampling type and approzimation in ¢-variation, Math. Nachr., 291,
(2018), 546-555.

[2] I. Aslan, Approzimation by Sampling type Discrete Operators, Communications Faculty of Sciences Univer-
sity of Ankara Series A1 Mathematics and Statistics, 69, (2020), 969-980.

[3] B. Bede, H. Nobuhara, M. Daikovd, A. Di Nolar, Approzimation by pseudo-linear operators, Fuzzy Sets
Syst., 159, (2008), 804-820.

[4] T.Y. Gokeer, O. Duman, Approzimation by maz-min operators: A general theory and its applications,
Fuzzy Sets Syst., 394, (2020), 146-161.

Some Old and New Methods Concerning Convergence of Linear
Positive Operators

Vijay Gupta
Netaji Subhas University of Technology, New Delhi, India
vijaygupta2001@hotmail.com

The theory of approximation is closely related to many fields. After the introduction of Bernstein polynomials
many other exponential type operators were introduced and their approximation behaviour have been discussed.
As such the exponential type operators also include discrete type operators, which were appropriately modified
to approximate integrable functions. We discuss here some old and new problems concerning convergence of
several linear positive operators. We also mention the applications of quantum and post-quantum calculus, in
the approximation theory. Finally we discuss about the difference estimates between the two operators.
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[1] V. Gupta, D. Agrawal, Convergence by modified Post-Widder operators, RACSAM, 113 (2019), 1475-1486.

[2] V. Gupta, A. Maria Acu, On difference of operators with different basis functions, Filomat 33, (2019),
3023-3034.

[3] V. Gupta, Differences of operators of Lupas type, Constr. Math. Anal., 1, (2018), 9-14.

[4] G. Tachev, V. Gupta, A. Aral, Voronovskaja’s theorem for functions with exponential growth, Georgian
Math. J, 27, (2020), 459-468.

[5] V. Gupta, J. Bustamante, Kantorovich variant of Jain-Pethe operators, Numer. Funct. Anal. Optim., to
appear.

[6] A. Aral, V. Gupta, R.P. Agarwal, Applications of q-Calculus in Operator Theory, Springer-Verlag, New
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Isomorphisms of some algebras of analytic functions
of bounded type on Banach spaces

Svitlana Halushchak

Vasyl Stefanyk Precarpathian National University, Ivano-Frankivsk, Ukraine
sv.halushchak@ukr.net

Let T = {I1,I5,...,1,,...} be a sequence of algebraically independent polynomials on a Banach space Z,
such that ||I,|s = 1, n € N. We denote by Z;(Z) the minimal unital algebra containing polynomials in I. Let
Hy1(Z) be the closure of Zy(Z) in Hy(Z).

We consider conditions under which two algebras Hpa (X) and Hyp(Y') are isomorphic via a mapping © such
that ©(A4,,) = P,, n € N. Some applications for algebras of symmetric analytic functions of bounded type are
obtained.

On convergence of an expansion of function Fy(1,2;2,2; 2y, 29)
into a branched continued fraction

Natalya Hoyenko
Pidstryhach Institute for Applied Problems of Mechanics and Mathematics of NASU, Lviv, Ukraine

hoyenko@gmail.com

Oleksandra Manziy, Volodymyr Hladun, Levko Ventyk
Lviv Polytechnic National University, Lviv, Ukraine

oleksandra.s.manzii@lpnu.ua, volodymyr.r.hladun@lpnu.ua, levko.s.ventyk@lpnu.ua

An expansion of the hypergeometric Appell function Fy(1,2;2,2; 21, 22) [1] into a branched continued fraction
with two branches on an even level and one branch on an odd level is constructed. The formulas of fraction
coefficients are obtained.

1
1 z1 Z9
1— 1/22’2 1— <1

1— 1-

The theorem on the convergence of the obtained branched continued fraction in the Vorpitski circle [2] is
proved. A numerical analysis was performed. The values of the approximants branched continued fractions
and the values of the corresponding partial sums of the hypergeometric series [1] at different points of the
two-dimensional complex space were calculated. The calculations were performed both inside and outside the
established convergence region. According to the results of calculations, we can assume the existence of a wider
range of convergence of the obtained fraction.
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Ne (z1.22) Fy(1,2:2,2;21,29) Iy n Sn2 )
1 (-0.1867-0,1867%1, 0.732736786- 0.732736786- 8 0.732736458- 57
-0.1867+0*i) -0.089504072*i -0.089504072*i -0.089503907*i
2 (0.125+0,125%i, 1.148753955+ 1.148753955+ 10 1.148755406+ 28
0.125+0,125%) 0,43019177* 0,43019177*i 0,43019259*i
3 (-2.125-0,125%, 0.314931823- 0.314931823- 10 not exists -
-0.125-0,125%1) 0,016463586*1 0,016463586*1
4 (-2.2596+0,9712%i, 0.207231107- 0.207231107- 16 not exists -
-0.7212+0,8173*i) 0,122449614*i 0,122449614*i
5 (0.25+0.25%*1, 1.15609905+ 1.15609905+ 9 1.15609920+ 32
0.05+0.05%1) 0.53305734*1 0.53305734%*i 0.53305637*i

Figure 1: Results of calculate the values of function Fy(1,2;2,2; 21, 22)

[1] P. Appell, J. Kampe de Feriet, Fonctions hypergeometriques et hyperspheriques. Polynomes d’Hermite,
Gauthier-Villars, Paris, 1926.
[2] D. Bodnar, Branched continued fraction, Naukova Dumka, Kyiv, 1986.

Approximation of functions from the Lipschitz classes by their
conjugate Poisson integrals

I.V. Kal’chuk, Yu.l. Kharkevych
Lesya Ukrainka Volyn National University, Lutsk, Ukraine

k.inna.80@gmail.com, kharkevich.juriy@gmail.com

K.V. Pozharska
Institute of Mathematics of NASU, Kyiv, Ukraine

kate.shvai@gmail.com

The talk is devoted to the results concerning one of the important problems of the approximation theory,
namely, finding asymptotic expansions for the value of best approximation of functions from some classes using
linear methods of summation of the Fourier series.

We consider the functions belonging to the well-known Lipschitz class Lip;a, 0 < o < 1, i.e. continuous
2m—periodic functions f, such that

Vit €R |f(t1) = f(ta)| < [tr —t2|®

holds. Then, we approximate the functions by their conjugate Poisson integrals

_ _ 1 ™ _
Py(fiz) = Bp(fiz)=—— [ flz+1)K,(t)dt,
where -
_ . psint
K,(t) = Fsinkt = ———— 0< 1
(1) ;p i 1 —2pcost + p2’ Pt

is the kernel.
In [1], the complete asymptotic expansions in terms of ln% as p — 1— of the quantity

E(Lipl O‘;ﬁp)c = Ssup ||f()_ﬁp(fa)||c7 0<a<l,
f€Lip;, o
are obtained, where
_ 1 4 t
f(x):—g f(x+t)cot§dt

—T

is the conjugate to f function, and the approximation error is measured in the uniform norm

[flle = max[f(#)].
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As a consequence, we get estimates of the quantity &(Lip, l;ﬁp)c in a partial case, for « = 1, and write
down the expansion in terms of the generalized Riemann zeta function.

These expansions make it possible to write down the Kolmogorov—Nikol’skii constants of the arbitrary order
of smallness.

Note, that this research complement the corresponding results from [2] for the classes Lip; 1, where the
asymptotic expansion in terms of (1 — p) as p — 1— of approximation of functions by conjugate Poisson
integrals was obtained.

[1] I.V. Kal’chuk, Yu.I. Kharkevych, K.V. Pozharska, Asymptotics of approzimation of functions by conjugate
Poisson integrals, Carpathian Math. Publ., 12, (2020), 138-147.

[2] Yu.l. Kharkevych, K.V. Pozharska, Asymptotics of approzimation of conjugate functions by Poisson Inte-
grals, Acta Comment. Univ. Tartu. Math., 22, (2018), 235-243.

Urysohn type operators and their asymptotic properties

Harun Karsli
Bolu Abant Izzet Baysal University, Golkoy-Bolu, Turkey
karsli h@ibu.edu.tr

In the present work, it is aimed to examine the convergence properties of the Urysohn type integral operators,
to which the Ukrainian mathematicians contributed greatly to the definition and development of the theory of
Urysohn integral operators. As a continuation of recent studies of the author, we mainly focus our attention on
the investigation of some Urysohn type operators and their asymptotic properties. The basis arguments used
in these investigations are the Fréchet and Prenter Density theorems, Urysohn type operator values and some
methods from approximation theory developed especially by Italian mathematicians in recent years.

[1] L. Angeloni, D. Costarelli, G. Vinti, A characterization of the convergence in variation for the generalized
sampling series, Ann. Acad. Sci. Fenn. Math., 43, (2018), 755-767.

[2] L. Angeloni, D. Costarelli, G. Vinti, Approzimation properties of mized sampling-Kantorovich operators,
RACSAM, 115, (2021), 4; https://doi.org/10.1007 /s13398-020-00936-x.

[3] C. Bardaro, G. Vinti, Urysohn integral operators with homogeneous kernel: approximation properties in
modular spaces, Comment. Math., 42, (2002), 145-182.

[4] C. Bardaro, H. Karsli, G. Vinti, Nonlinear integral operators with homogeneous kernels: pointwise approz-
imation theorems, Appl. Anal., 90, (2011), 463-474.

[5] C. Bardaro, I. Mantellini, Asymptotic expansion of generalized Durrmeyer sampling type series, Jaen J.
Approx., 6, (2014), 143-165.

[6] C.Bardaro, L. Faina, I. Mantellini, Quantitative Voronouvskaja formulae for generalized Durrmeyer sampling
type series, Math. Nachr., 289, (2016), 1702-1720.

[7] C. Bardaro, J. Musielak, G. Vinti, Nonlinear Integral Operators and Applications, De Gruyter, Berlin, 2003.

[8] P.L. Butzer, R.J. Nessel, Fourier Analysis and Approzimation, Vol.1, Academic Press, New York, London,
1971.

[9] II. Demkiv, On Approzimation of the Urysohn operator by Bernstein type operator polynomials, Visn.
L’viv. Univ., Ser. Prykl. Mat. Inform., 2, (2000), 26-30.

[10] H. Karsli, Approzimation by Urysohn type Meyer-Kinig and Zeller operators to Urysohn integral operators,
Results Math., 72, (2017), 1571-1583.

[11] H. Karsli, Approzimation results for Urysohn type nonlinear Bernstein operators, Advances in Summability
and Approximation Theory; Springer, Singapore, 2018; 223-241.
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[12] H. Karsli, Voronovskaya-type theorems for Urysohn type nonlinear Bernstein operators, Math. Methods
Appl. Sci., 42, (2019), 5190-5198.

[13] H. Karsli, On Urysohn type Generalized Sampling Operators, Dolomites Research Notes on Approzimation,
to appear, (2021).

[14] V.L. Makarov, V.V. Khlobystov, Interpolation method for the solution of identification problems for a
functional system described by the Urysohn operator, Dokl. Akad. Nauk SSSR, 300, (1988), 1332-1336, (in
Russian).

[15] V.L. Makarov, I.I. Demkiv, Approzimation of the Urysohn operator by operator polynomials of Stancu type,
Ukr. Math. J., 64, (2012), 356-386.

Brached continued fractions and Z index of the tree graph

Takao Komatsu
Zhijiang Sci-Tech University, Hangzhou, China

komatsu@zstu.edu.cn

The concept of the topological index was first introduced by Haruo Hosoya in 1971 [2]. Later more different
types of indices have been discovered in chemical graph theory. The first topological index is also called Hosoya
index or the Z index nowadays, which is defined by

m

Z = Zp(G7 k)a

k=0

where p(G, k) is the number of ways of choosing & disjoin edges from a graph G. Hosoya [3] also showed that
Z index can be calculated for some tree graphs including path graph, cycle graph and caterpillar graph G by
using the continued fraction.

In this talk, we show how to calculate more complicated graphs by using more general continued fractions
([1, 5, 6, 7]). In fact, if there is one to one correspondence between a given graph and a branched or two-
dimensional continued fraction, its Z index can be calculated systematically and efficiently.

[1] D.I. Bodnar, Kh.Yo. Kuchmins’ka, Development of the theory of branched continued fractions in 1996-2016,
J. Math. Sci., 231, (2018), 481-494.

[2] H. Hosoya, Topological index. A newly proposed quantity characterizing the topological nature of structural
isomers of saturated hydrocarbons, Bull. Chemical Soc. Japan, 44, (1971), 2332-2339.

[3] H. Hosoya, Mathematical meaning and importance of the topological index Z, Croat. Chem. Acta, 80, (2007),
239-249.

[4] T. Komatsu, Branched continued fractions associated with Hosoya indez of the tree graph, MATCH Com-
mun. Math. Comput. Chem., 84, (2020), 399-428.

[5] Kh.Yo. Kuchmins’ka, Two Dimensional Continued Fractions, Pidstryhach Inst. Appl. Problems Mech.
Math., Nat. Acad. Sci. Ukraine, Lviv, 2010, (in Ukranian).

[6] Kh.I. Kuchmins’ka, O.M. Sus’, S.M. Vozna, Approzimation properties of two dimensional continued frac-
tions, Ukr. Math. J., 55, (2003), 36-54.

[7] K. Kuchminskaya, W. Siemaszko, Rational Approzimation and Interpolation of Functions by Branched
Continued Fractions, Lecture Notes in Math., Vol. 1237; Springer, Berlin/Heidelberg, 1987; 24—40.
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Ostrowski type inequalities for sets and functions
of bounded variation

Oleg Kovalenko
Oles Honchar Dnipro National University, Dnipro, Ukraine
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We introduce a new definition of variation for multidimensional sets and functions, which is based on
the Kronrod-Vitushkin approach. The introduced variation of a multivariate function has (unlike any of the
Kronrod-Vitushkin variations) the following two properties: the variation does not change if the argument of
the function is multiplied by a non-zero constant; and the variation of a multivariate radial function is twice
bigger than the variation of the generating one-dimensional function.

For natural d > 2 denote by B? the unit ball in R%; for p € [1,00] by v,(F) and v,(f) we denote the
introduced variation of a compact set F' C B? and of a continuous function f: BY — R. In [1] the following
sharp following Ostrowski type inequalities were proved.

Theorem 1. Let d € N and a closed set F C B? be given. If 0 ¢ F, then for all p € [1, 00]

,udBd

d
F<
o=

vp(F).
The inequality is sharp. If equality holds, then pu®F = 0.

Theorem 2. Let d € N and a continuous function f: B* — R be given. Then for all p € [1, 00]

1 Up(f)
g [ f@o— 1)) < 2L,
Bd
The inequality is sharp. It becomes equality only in the case when f is constant.

In [2] these results were generalized to a class of domains that are more general than B,
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Some number of analytic functions of several variables are known to have many-dimensional continued
fraction representations. Frequently a given function will be represented by several different many-dimensional
continued fractions, each with its own behavior. One of the types of functional three-dimensional continued
fractions correspondent to a formal triple power series is considered
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where a; j #0, 4,75,k =0,1,..., 2 = (21, 29, 23) € C>.
The fraction (1) with complex coefficients a; ; 1, is called three-dimensional regular C-fraction (ThDR C-F).
If all coefficients a; ; , > 0 and z = (21, 22, 23) € C? the fraction (1) is called three-dimensional S-fraction.
Using bounds for the three-dimensional regular C-fraction (1) tails, a difference formula for two approximants
of the ThDR C-F in terms of its tails, and the principle of correspondence, properties of such fractions are

investigated.
Theorem 1. Every ThDR C-F (1) corresponds to a uniquely determined formal triple power series (ftps):
P(z) =Y ", (2)
[k]=0

where
2= (21,22,23) €C3, k= (ki ko k3) €Z5, |kl =k +ka+ks, 2F=zM2b22ks

The order of correspondence of the nth approzimant of (1) f,.(z) is

vy, =n+ 1.

Theorem 2. Let ThDR C-F (1) converges uniformly on some bounded domain D € C3® to a holomorphic
function f(z), z = (21, 22,23) € D. Then corresponding to (1) ftps (2) also converges to the function f(z) on
D.
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In this paper, we introduce multivariate form of generalized sampling type operators and study pointwise and
uniform convergence as well as rate of convergence for the functions belong to space of log-uniformly continuous
functions. Furthermore, we state and prove the generalized Mellin Taylor’s expansion and using this expansion
we establish pointwise asymptotic behaviour of the series by means of Vonovskaya type theorem.
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We consider the following continued fraction [1]

bo(2)+ D, Z:E;) 2eC, (1)
where ag(z) =1, by(z) =0,
asp(z) =(a—b—k+ 1)z, agy1(z)=(a+k)z, bp(z)=b+k, k>1, (2)

and a,b are complex numbers, such that b ¢ —N.
The fraction (1) arises from the expansion of the ratio of confluent hypergeometric functions

1F1(Cl+1,b+ 1,2’) (3)
blFl(a,b;Z)

into continued fraction [1]. We will remind that confluent hypergeometric function 1 Fi(a,b;z) is an entire
function of a or z, except when b =0,—1,—2,..., and given by the series

Fi(a,b;2) = 2_% EZ)): %’: (4)

where (-),, are Pochhammer symbols.

The aim of our work is to establish the conditions of convergence of the fraction (1) in the case when
the parameters a,b and variable z are p-adic numbers [2] and the convergence of sequence of approximants
is considered in the p-adic norm. The field of p-adic numbers, denoted by the symbol Qy, is defined as the
completion of the field Q with respect to the p-adic norm [2] and is non-archimedean.

The case of continued fraction for the ratio of Gauss hypergeometric functions o Fi (a, b, ¢; z) over the Q, was
investigated in [3].
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We establish inverse and direct theorems in the form of Bernstein-Jackson inequalities with exact constants
for estimations of best approximations in compatible interpolation couples (Ag, A1) of quasinormed Abelian
groups. For this purpose, we consider the scale of Besov type approximation Abelian groups

Bi(Ag, A1) = (Ao, A1)y}, 9=1/(s+1), 7=9g, 0<9 <1, 0<g< 00

endowed with the quasinorm || - |

s defined by the real interpolation method, using the E-functional
E(t,a; Ag, Ay) = inf {|la — aoll 4, + @ € A, |laolla, < t}.

Then the Bernstein-Jackson-type inequalities obtain the form

lallss < cszllally,llalla, forall ae AgN A,

E(t,a; Ao,Al) < t_s2s+1C , for all ae€ B:(Ao,Al)

with asymptotically sharp at 7 — co the constants ¢, ,, Cs r calculated in [1].

These results are applied to approximations in quasi-Banach spaces L,, () with 0 < p; < oo of functions in
Gaussian random variables X > x +— ¢p,(z) (h € H) on an abstract Wiener space (X, H, ) with a reproducing
kernel Hilbert space H, that are characterized by the property fX exp (1¢y) dy = exp (—||h||2/2). The Wiener
space (X, H,~) is endowed with the Gaussian measure vy on a separable real Banach space X, according to
Gross’s theory [2].

In this case, we take instead (Ag, A1) the compatible couple of quasi-Banach spaces (&,,(Va), Ly, (7)) with
different py € (1,00), p1 € (0, 0] in which

éapo(v/l) C LPO(’Y;F)) po VA U {Om/ VA Z v > 0}

consist of analytic in Nelson’s sence functions of exponential type in relative to the Malliavin gradient Vj,
modified by a linear operator A: 2(A) C H — H [3], where

- k
& (Va) = {f lim sup — ln(max|f( ) SV}, f(@) ::Z%Hvﬁf”%o(wf)

r—oco T [t|= 550

and V, is a closable unbounded operator acting from Ly, (y) to the space Ly, (v;I") of functions with values in
the symmetric Fock space I'(H) generated by H (here, &,,(V) contains the total family of Hermite polynomials
on X which ensures its non-triviality). In this case the interpolation structure of the suitable Besov space

Bf.(’}’) = (@@;DU(VA)7LZ71(7))119{;97 U= 1/(S+ 1)7 T=19¢ 0<9<1, 0<g< 0

allows to establish the exact analogue of Bernstein-Jackson-type inequalities that fully characterize rapidity
of approximations in the quasi-Banach spaces L,, () over abstract Wiener spaces (X, H,~y) by functions of
exponential type from &, (V).
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We investigate the structure of the fundamental matrices of the solutions of the Cauchy problem for degen-
erate parabolic equations of the diffusion type with inertia.
Let

nj€N, neN, ni>..>n,peN, j=1p,
T = (xla "'73311)7 Tj = (‘rllr")xnj) € an) g = (517"'7§p)7 gj € ana

P
ng = E n;.
j=1

Consider the Cauchy problem

p—1mj41
Lu = 0 (t,x) — Z Z 210, qu (t,x) — Z Ay (t,x)D% u(t,x) =0, (1)
j=1 I=1 k| <2b
w(t,x)|t=r = up(z), 0<7<t<T < +o0,2 € R™, (2)
where the system
Opu(t,x) = Z Ak(t,x)Dflu(t,x), (3)

|k|<2b

is uniformly parabolic in the sense of Petrovsky in the strip
H[O,T] = {(t,x),x S R"O,O S t S T},

(x2, ..., xp)-parameters.
Let

k—2 pn—1 k—1
t t . — .
e 1),013‘“ + m%p] =Np11, Mk k=2,p, pij =015,n2 <J < ng.
—~ ! !

plj(ta g, C) =

pl(t707 C) - (pllv "'7p1n27 Uln2+17 “'70-1711)'

Theorem 1. If
1) ¥(to, o) € Iljg 7] matriz

> Axlto, zo)p}

|k|=2b

commutes with
t

Z Ak(to,zo)/plf(ﬂ,(')',C)dﬂ,

|k|=2b s
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2) coefficients Ax(t,x) limited and continuous by t,xz; evenly continuous over t at |k| = 2b, satisfy Gelder’s
condition on x with an indicator 0 < o < 1 evenly on t, then there is fundamental matrices of the solutions of
the Cauchy problem (1)-(2)

t
T(t,7,€) = Gt 2:7,6:€) + / dp / G(t,23 B, 7) (B 7, €)dE,
T R™0

where G(t,z;7,£,£) -is fundamental matrices of the solutions of the Cauchy problem systems with frozen coeffi-
cients, p-desired function with LT = 0.

[1] H.P. Malytska, I.V. Burtnyak Degenerate parabolik systems of the diffusion type with inertia, J. Math. Sci.,
249, (2020), 355-368.
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Let X be a real or complex linear normed space of arbitrary dimension, and {zj} — vectors from X.
It is well-known that (C,1) — summability of the series > xj is the necessary condition for it to converge.
However, this condition is not sufficient.

Theorem 1. Let the series -
>
k=0
be (C,1) — summable to S € X and for some p > 1 the condition be satisfied

o0

(4p) > el =0(n'"), n— oo,
k=n+1

Then this series converges to S in space X .

Note that the condition (A,) is weaker than each of the following conditions:

1 o0
znll = O <n) , N — 00; or Zn”AHZEan < oo.

n=1

Using Theorem 1 and some other results, we can prove the following statements about the convergence of
the Fourier series

fN Z Cneinz (1)

of the function f € L'(T).
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Theorem 2. Let the function f belong to some homogeneous function Banach space X on T and the following
conditions be satisfied

le™lx = O0(1),  |n| = oo,

Z lex|P = O(n'™P),n — 00, p>1. (2)
|k|=n

Then the Fourier series (1) converges to f in the Banach space X .

Note that function spaces LP(T), 1 < p < oo, separable Orlicz spaces, separable symmetric spaces, space
C(T), and real Hardy space are homogeneous.

Theorem 3. If the coefficients of the Fourier series (1) satisfy the Tauberian condition (2), then the series (1)
converges to f uniformly on each compact set of its points of continuity.

Approximation by parametric extension of
Szasz-Mirakjan-Kantorovich operators involving the Appell
polynomials
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The purpose of this article is to introduce a Kantorovich variant of Szdsz-Mirakjan-operators by including
the Dunkl analogue involving the Appell polynomials, namely the Szdsz-Mirakjan-Jakimovski-Leviatan type
positive linear operators. We study the global approximation in terms of uniform modulus of smoothness and
calculate the local direct theorems of the rate of convergence with the help of Lipschitz-type maximal functions
in weighted space. Furthermore, the Voronovskaja-type approximation theorems of this new operator are also
presented.
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Let u(z,w) = f(2)h(w) be a function defined on the compact set K C C2. The problem of representation of
functions of this class by the product of two continued fractions, which is called a bicontinued fraction studied.
Some properties of Thiele reciprocal derivatives, Thiele continued fractions and regular C—fractions are proved.
The possibility of representation of functions of this class by bicontinued fractions is shown.

The representation by bicontinued fractions of functions u, (z,w) = (§+ 82)* x tg(e +yw), where o € C\{Z},
B,7,0,e € C\{0} and uz(z,w) = e** In(8 + yw), where «, 3,7 € C\{0} are considered as an illustration.

The representation of function w; by bicontinued fraction is convergent to the function in the domain

Gy ={z € C: |arg(d + Bz) — arg(6 + Bz.)| < m} x C\{yw # &L — ¢,k € Z}
and bicontinued fraction converges uniformly on an arbitrary compact K C G;. Similarly, in the region
G2 =Cx {w:w e C\{-B/~},|arg(8 + yw) — arg(B + yw,)| < 7}

constructed bicontinued fraction is convergent to the function us and bicontinued fraction will converge uniformly
on an arbitrary compact K C Gs.

[1] M. Pahirya, Representation of a one class functions of two variables by bicontinued fractions, Res. Math.,
27, (2019), 13-27.

[2] M.M. Pahirya, Approzimation of Functions by Continued Fractions, Grazhda, Uzhhorod, 2016.
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We present the results on a recovery of functions from the classes that are defined in terms of generalized
smoothness, from their Fourier coefficients blurred by noise. In a more general statement, the optimal recovery
problem for the classes of smooth and analytic functions defined on various compact manifolds, is considered in
the classical paper by G.G. Magaril-Il’yaev and K.Y. Osipenko [1].

Let L, := L,([0,1]), 1 < p < o0, and C := C([0, 1]) be the spaces of real-valued summable with pth power,
and, respectively, continuous on the segment [0, 1] functions f: [0,1] = R; {,, 1 < p < 00, be the set of sequences
&€ = (&k)52, of real numbers. The spaces are equipped with the natural norms.

We estimate from above the quantity

71§p<00766(071)a
C

A(W;",A,lp) = sup sup
yew? llell, <1

Y= Ny + 08k pn
k=1

for functions from the class W,
orthonormal in the space Lo system ® = {¢5}72,, yg =yk +0&, k =1,2,..., are the noisy Fourier coefficients,
and the elements of triangular number matrix A := {A}}}_;, n = n(d) € N, satisfy some additional conditions.

The smoothness parameter {i(k),k € N} of functions from the classes W belongs to the set ¥, .,
0 < 71 < 72 of continuous, positive and strictly increasing on [1,00) real-valued functions that satisfy the

conditions:

where y, are the Fourier coefficients of y with respect to some complete
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1) for some v, 71 < 7 < 72, the function ¢_(7) := wT(:) does not increase for 7 > 1, and ¢_(7) — 0 as
T — 00;
2) the function ¢ (1) := I does not decrease for 7 > 1.

¥(7)
To the set U, ,, belong, in particular, power functions (1) = 7** with ;3 < aq < 79, and also functions of
the form
w(T) =7 (log+(7—))a2 , Mm<ar <72, a2¢€ R
or
b(r) =77 (log"(7))", a <0,

where log™ (1) = max{1,log(r)}, and the symbol log denotes a logarithm with arbitrary base a > 0, a # 1.
The corresponding results can be found in [2].

[1] G.G. Magaril-T'yaev, K.Y. Osipenko, Optimal recovery of functions and their derivatives from Fourier
coefficients prescribed with an error, SB MATH, 193, (2002), 387-407.

[2] K.V. Pozharska, A.A. Pozharskyi, Recovery of continuous functions from their Fourier coefficients known
with error, Res. Math., 28, (2020), 24-34.
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We consider the approximations of the Nikol’skii-Besov classes B , (see, for example, [1]) of periodic func-
tions of many variables and establish the estimates for the entropy numbers to these classes in the metric of the
QC-space of quasi-continuous functions [2].

Let RY d > 1, be the d-dimensional Euclidean space with the elements = = (z1,...,24) and (x,y) =

r1y1 + ...+ xqyq. Denote by
d

Ly(ma), ma=]]l0,27], 1<p<oo,
j=1

the space of functions f(x) that are 27-periodic in each variable, with a standard finite norm.
Let 2 be a Banach space, and let
By (y,r)={z € Z:|lx—y| <r}
be a ball with radius r centered at the point y. For the compact set A C 2" and for € > 0 the quantity

2k:
er(A, Z) :inf{gz Hyl,...,y2k e AC Ung(yj,g)}

Jj=1

is called the entropy number of the set A with respect to the space £, where k € N.
Further, let 1 be the normed Lebesgue measure on the unit circle. Given a function f € Lq(du) with the
Fourier series

o 27 N )
fY 6u(fm), do(fim) = | Jdu, 0i(f.w) = o ket s=12,..,
s=0

25-1<|k| <25
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1
Iflgc = /

where {rs (w)}jio is the Rademacher system. By the space of quasi-continuous functions (denote QC') we mean
the closure of the set of trigonometric polynomials with respect to this norm.

let us introduce the value

dw,
Loo(dp)

> re(w)de(f,7)
s=0

Spaces of quasi-continuous functions can also be defined in the multidimensional case (d > 2):

Iflloc = 1. 2N)lac|

where, for & = (z1,...,74) € T4, we set by definition ! = (z2,...,24) € m4_1. In other words, the QC-norm
in these quantity is with respect to the variable x; and the sup-norm with respect to the remaining.
We assume that the vector r, which is included in the definition of classes By} 4 has the formr = (r1,...,7m) €
R?.
+

Theorem 1. Let

11
l<p<oo, 1<0<o0, r1>max R
p

Then for d > 2 the following relation holds:
enr (B, QC) < M~ (log?™! M) =#)+  /log M,
where p* = min{p, 2}, a4 = max{a,0}.

Theorem 2. Let 2 < p < o0, 2<60<o00,r >1/2. Then for d > 2 the following relation holds:

enr(BL g, QC) < M~ (log® ' M)"1+277 \/log M.

The obtained order-estimates for the entropy numbers of the Nikol’skii-Besov classes By y in the space QC
complement the corresponding results for the Sobolev classes W, and Nikol’skii classes H, 1 < p < oo, which
were established by B.S. Kashin and V.N. Temlyakov [2].

Note that the exact-order estimates for the entropy numbers of the Nikol’skii-Besov classes By o in the space
L, were established only in the two-dimensional case d = 2 [3].

[1] P.I. Lizorkin, S.M. Nikol’skii, Function spaces of mized smoothness from the decomposition point of view,
Proc. Steklov Inst. Math., 187, (1990), 163-184.

[2] B.S.Kashin, V.N. Temlyakov, On a norm and approzimation characteristics of classes of functions of several
variables, Metric theory of functions and related problems in analysis, Izd. Nauchno-Issled. Aktuarno-
Finans. Tsentra (AFTSs), Moscow, (1999), 69-99, (in Russian).

[3] A.S. Romanyuk, Entropy numbers and widths for the Nikol’skii—Besov classes of functions of many variables
in the space L, Anal. Math., 45, (2019), 133-151.

Approximation with regard to the multiple Haar basis

V.S. Romanyuk
Institute of Mathematics of NASU, Kyiv, Ukraine

mlromanuk@gmail.com

The talk is based on the author’s papers [1-5]. We discuss the results on the approximative properties
of one of the multiple Haar basis in the Lebesque spaces Lq(Hd) of d variable functions defined on the cube
I :=[0,1]¢, d > 2. Namely, about the basis H?, that is built from the one dimensional Haar basis and the
system of characteristic functions of dyadic partition of the segment [0, 1].

The main points of the talk are:
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e a description of isotropic Besov spaces and Holder spaces in terms of conditions on the Fourier—Haar
coefficients of elements from these spaces;

e inverse approximation theorems for polynomials, built with respect to the system H¢;

e nonlinear approximation with respect to the basis H? of functions, that belong to the unit balls of Besov
and Holder spaces;

e open questions concerning the basis H? in approximation problems.

[1] V.S. Romanyuk, Multiple Haar Basis and m-Term Approzimations of Functions from the Besov Classes.
II, Ukr. Math. J., 68, (2016), 928-939.

[2] V.S. Romanyuk, Multiple Haar Basis and m-Term Approzimations of Functions from the Besov Classes.
I, Ukr. Math. J., 68, (2016), 625-637.

[3] V.S. Romanyuk, Multiple Haar Basis and its Properties, Ukr. Math. J., 67, (2016), 1411-1424.

[4] V.S. Romanyuk, Multiple Haar base in inverse approrimation theorems and imbedding theorems, Anal.
Math., 41, (2015), 241-255.

[5] V.S. Romanyuk, Constructive characteristic of Hélder classes and M -term approzimations in the multiple
Haar basis Ukr. Math. J., 66, (2014), 391-403.

Voronovskaya-type theorem for Fejér means
of bounded harmonic functions

Viktor Savchuk
Institute of mathematics of NASU, Kyiv, Ukraine

savchuk@imath.kiev.ua

Maryna Savchuk
Igor Sikorsky Kyiv Polytechnic Institute, Kyiv, Ukraine

marynalsavchuk@gmail.com

Let

f(Z) = chp|k\eik:c7

kEZ
where ¢, € C, c_p =¢, 2 = peiz, be a bounded real-valued harmonic function in the unit disk
D:={z€C: |z| <1}

and let
(N =1t S (- k) erplet, peN, z=pe

|k|<n—1
be its Fejér means.
The Voronovskaya-type theorem for the Fejér means o, (f) states that

i n(f — o) ~ | = 0.
provided H]?’H < 00, where

Fiz)i= > Iklexpe* and ||f] = sup|f(2)]

kez\{0}

Set
hB := {f : harmonic in D and ||f|| <1} and hB:={f: f € hB}.

Our main result is the following.
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Theorem. Suppose that n € Z, and z € D and let § be one of the classes hB or hB. Then

ax () — (1)) — F2)| = 2T
max |n(f(z) — o 2)—f(2)| = ————=.
€% " (1 —[2]?)
For given z # 0 this mazimum is attained only for the function
2 1+Zb (t) —i(n+1)arg z ) _
) T T, (et O =B,
f(t) =€ 9 14+ b (t) —i(n+1)arg z ) .
wln‘l—b (e gz |0 TH=1B,

where « € R and b, (t) :=t"(t — 2)/(1 — tZ).

Corollary. Let hB' ;= {f € hB : ||f'|| < 1}. Then the following asymptotic equality holds as n — oco:

1 v
21g1fﬁ+o<ﬂgtvm>7”26m
sup |f(2) —on(f)(2)] = 9 1
fenBl —logn+ 0O <> ) if z €T
™ n

[1] V.V. Savchuk, S.O. Chaichenko, M.V. Savchuk, Approzimation of bounded holomorphic and harmonic
functions by Fejér means, Ukr. Math. J., 71, (2019), 589-618.

Approximations of functions of classes C’g’p by Zygmund sums

Anatolii Serdyuk
Institute of Mathematics of NASU, Kyiv, Ukraine
serdyuk@imath.kiev.ua

Ulyana Hrabova
Lesya Ukrainka Volyn National University, Lutsk, Ukraine
grabova u@ukr.net

Denote by C¥ |1 < p < oo, P(k) € R, B € R, the set of all continuous 27— periodic functions f, representable

as the convolution
s

a 1
f@) =2+ - [Wa0pte— 0t weR oLl el <1

—T

with a fixed kernel Wg(t) € Ly, 1/p+ 1/p’ = 1, whose Fourier series has the form

¥ (k) cos (kt — @)

WK

Up(t) ~
1

E
I

We consider the approximation characteristic
E(CY Zs )= sw |If = Z31(Flle
recy

where )
t) = % + ; (1 - (:) ) (ag cos kt + by sinkt), s> 0,

is the Zygmund sum of the order n — 1 of the function f € C, and the best uniform approximations of the classes

cy by trigonometric polynomials t¢,,_; of the order n — 1, that is, quantities of the form

En(Chy)e = sup inf [[f() = tna(]c-
recy, '
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Denote by 9y the set of continuous convex downwards functions g : [1,00) — Ry such that

lim g(t) =0

t—o00

and there exists a constant K > 0, such that for all ¢t > 1

g9(t)
tlg'(t)]

For a non-negative sequence g = {gk,};ozl we write g € GM ™, if 3A > 1 Vny, ny €N, ny < no:

alg;t) == >K>0, ¢g@{):=4gt+0).

m—1

9n, + Z ‘gk*gk+1| SAgma m=ni,na,

k::nl

and g € GAT if 3¢ > 0 IK > 0 Vny,na € N, ny < no: gn,ny° < Kgn,ns ©.
Let § > 0 gs(t) := (t)t°, t € [1,00).

Theorem. Let s >0, 1 <p < o0, g1/, € Mo, Gst1/p € GM+TNGAT, BER and n € N. Then for 1 < p < oo,
if
e /
P (k)k? 2 d inf ) >
Zd’ ( ) <00 an tlgla(gl/zﬂ )> 27

the following order estimates are true

/

E”<Cg),p) Ag(QgW 2y 1) (pr )P 72) /P’ 1/p-|-1/p'=1.

Then for p=1, if

oo

Z (k) < oo and %gga(gl;t) > 1,

k=n

the following order estimates are true

Br .
B (ch), = (i) = 00 TR

Jackson-type inequalities for almost periodic functions
in the Besicovitch-Stepanets spaces

Anatolii Serdyuk, Andrii Shydlich
Institute of mathematics of NASU, Kyiv, Ukraine

sanatolii@ukr.net, shidlich@gmail.com

Let f(x) be an arbitrary almost periodic complex-valued Besicovitch function of the class B = By (B-a.p.
function), whose Fourier exponents have a single limit point at infinity [1]. Let us write its Fourier series in the

symmetric form
Z Akei)"“w,
keZ
where \g := 0, A_p = — )\, |Ak| + |A,k| >0, \gr1 > A >0, k> 0.
Developing the ideas of Stepanets [2, Ch.9], for a fixed 1 < p < 0o, we introduce into consideration the space
BSP of all functions f € B-a.p. with the finite norm

1/p
£l =11l ggr = (ZAAk(f)|p> .

k
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In this case, functions with the same Fourier series are identified in BSP.
Let us set

By (Dyp= inf [f=gl, n=12...

where G, is a subset of functions of BSP such that their spectrum belongs to the interval (—A,, A,,). Let ® be
the set of continuous bounded nonnegative pair functions ¢ such that ¢(0) = 0 and mes{t € R : (t) =0} = 0.
For a fixed ¢ € @, define the generalized modulus of smoothness of the function f € BS? by

1/p

we(f,08) 1= wy(f,0) ggr = sup <Z L/7”()\1~ch)|14k(f)|p> , 02>0.
PI<8 \kez

Let M be the set of functions p, non-decreasing bounded and non-constant on [0, 7].

Theorem. Assume that f € BSP, 1 <p < oco. Then for o € &, 7 >0 andn € N

i
Bx, (D < CogplMoe (.5 &
n’p
where ) 0 . v
. HT) — [ . k
” = inf ———=, ] = f P2 , 2
Choalr) = int HOZE g prn =, nf [ (5 )aut )

Moreover, there is a function . € M(7) that realizes the corresponding exact lower bound in (2). Inequality (1)
is unimprovable on the set of all functions f € BSP, f # const, in the sence that for any ¢ € ® and n € N
E
sup {/\"({)p : feBSP, f# const} = Chpp(T).
wLP (fv z)p

For 2m-periodic functions from the Stepanets spaces SP, unimprovable Jackson-type inequalities were es-
tablished in [3], formulated in terms of the best approximation of functions by trigonometric polynomials and
classical moduli of smoothness.

[1] B.M. Levitan, Almost periodic functions, GTTL, Moscow, 1953, (in Russian).
[2] A.I Stepanets, Methods of approzimation theory, VSP, Leiden-Boston, 2005.

[3] A.L Stepanets, A.S. Serdyuk, Direct and inverse theorems in the theory of the approximation of functions
in the space SP, Ukr. Math. J., 54, (2002), 126-148.

On asymptotic estimates for the widths of classes of functions
of high smothness

Anatolii Serdyuk, Igor Sokolenko
Institute of mathematics of NASU, Kyiv, Ukraine

serdyuk@imath.kiev.ua, sokol@imath.kiev.ua

Denote by Wg , the set of all 27-periodic functions f, representable as convolution
’ s

flz) = a0 + ! /go(x —t)B, g(t)dt, ap €R, (1)

2 '

the fixed kernel B, 5(-) of the form:

— —r Bkﬂ— 1
B,,}B(t):;k cos(kt—2 , r>§, Br € R,

with functions
peBy={g€Ly: |glle, <1, g L1}.
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If r € N and B = r then the functions By g(-) are the well-known Bernoulli kernels and the classes W,
coincide with the well-known classes W3 which consist of 2w-periodic functions f with absolutely continuous
derivatives f*) up to (r — 1)-th order inclusive and such that |||z, < 1. In addition, for almost everywhere
zeR

(@) = fl(2) = ¢(x),
where ¢ is the function from (1).
Further, let K be a convex centrally symmetric subset of C' and let B be a unit ball of the space C. Let
also Fiy be an arbitrary N-dimensional subspace of space C, N € N, and Z(C, Fy) be a set of linear operators

from C to Fy. By &(C, Fn) denote the subset of projection operators of the set Z(C, Fy ), that is, the set of
the operators A of linear projection onto the set Fy such that Af = f when f € Fy. The quantities

by (K,C) = sup sup{e >0:eBN Fyy1 C K},

Fny1

.
nf 1f =~ ullg,

dy(K,C) = inf sup

Fn fek

An(K,C) =inf  inf —Af|l..,
~(K,C) %lNAen?}?C,FN);IEIE;”f flle

K,C)=inf inf s —A
™ (K, C) ?NAegi?c,FN)?Eﬁ”f fllgs

are called Bernstein, Kolmogorov, linear, and projection N-widths of the set K in the space C, respectively.

Theorem. Letr >1,n€N, B={p}3,, 8 € R and

LT
lim — = .
n—,oo N,

Then the following asymptotic equalities hold

P, C) (1 S
Pana(W3 5. ) }‘ <ﬁ+0(1) (1+3) ) ?

where Py is any of the widths by, dn, Ay or wn, and O(1) are the quantities uniformly bounded in all parameters.

This work was partially supported by the Grant H2020-MSCA-RISE-2019, project number 873071 (SOM-
PATY: Spectral Optimization: From Mathematics to Physics and Advanced Technology).

Asymptotically best possible Lebesque-type inequalities
on the classes Cy"C

Anatolii Serdyuk
Institute of mathematics of NASU, Kyiv, Ukraine
serdyuk@imath.kiev.ua

Tetiana Stepaniuk
University of Liibeck, Liibeck, Germany

stepaniuk.tet@gmail.com

For the functions f, which can be represented in the form of the convolution

Ca0 LSS ek g (e OT _
f(z) = 2+W/;e co&(kt 2)@(33 t)dt,
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pelC,pll,a>0,re€(0,1), ap,B € R, we establish the Lebesgue-type inequalities of the form

1—r

—an” 4 n
17 = Sa(Dlle < e (™" 40,) Bulile bl < 20n°

These Lebesgue inequalities take place for all numbers n that are larger than some number ny = n(«, r), which
constructively defined via parameters o and r. We prove that there exists a function, such that the sign "<" in
given estimate can be changed for "=

Direct and inverse theorems of approximation of functions given
on hexagonal domains by the Taylor-Abel-Poisson means

A.L. Shydlich
Institute of mathematics of NASU, Kyiv, Ukraine
shidlich@gmail.com

We present the results of our joint work with professor Jiirgen Prestin (University of Liibeck, Germany) and
professor Viktor Savchuk (Institute of Mathematics of NASU). The approximative properties of the Taylor-Abel-
Poisson linear summation method of Fourier series are considered for functions of several variables, periodic with
respect to the hexagonal lattice. This type of periodicity is defined by the hexagon lattice given by HZ? (see,
for example [1, 2]), where

1
H = (f (2))7 Q?—[:{({Ehxg)l —1§$2,\2§$1i2$2<1},

Use the homogeneous coordinates t = (f1,t2,¢3) € R® such that ¢; + ¢2 + t3 = 0 and write t € R3,. If we set

\[131 ) \/gxl

=2 ty = tg = — = —
1 2+ ) 2 Z2, 3 2 2 ’

then the hexagonal domain 23, becomes
Q= {t = (t,ta,t3) ER}, : —1 < ty,ta,t3 < 1},

which is the intersection of the plane t; + t5 + t3 = 0 with the cube [—1, 1]3.

A function f is called periodic with respect to the hexagonal lattice H (or H-periodic) if f(z) = f(z+Hk), k €
Z2. In homogeneous coordinates, a function f(t) is H-periodic if f(t) = f(t + j) whenever j = 0 (mod 3).

Let L, = L,(2), 1 < p < oo, be the space of all functions f, given on the hexagonal domain 2, with the

usual norm
A |pdt) L l<p<o,
1fllp = (|Q|/

ebbsup|f p = o0.

1.9 |Q|/f

7ri

The inner product is defined by

The set

{0i(t) = e D€ L3y}

is an orthonormal basis of Ly () [1], and for any function f € L;(€2) the Fourier series on the system ¢ has the
form .
= > Few(t) = Y Jlie's Rutathatthots) - fle) = (f, o).
kezd, kezg,

Set
Ioo={k € 2 k| = max{lk;} = v}, v=01,...,
J

36



2021 International Online Workshop on Approzimation Theory, March 19-21, 2021, Ivano-Frankivsk, Ukraine

and for any ¢ € [0,1) and r € N, consider the transformation

Apr (D) =D Nr(0) D Fl)onc(t

v=0 ke,

where for v =0,1,...,r — 1, the coefficients are defined by X, ,(g) =1 and

r—1 |y r—1 1_9 j
Au,r(g):Z(j)( 00" T agd venT AL

7=0 7=0

If for a function f € L1(92) and n € N, there exists the function g € L;(£2) such that g(k) = 0 when |k| < n

and
k! =

709 = (e /0

when [k| > n, k € Z3,, then for the function f, there exists the radial derivative g =: f(" of order n.
In the space L,(2), the K—functional of a function f generated by the radial derivative of order n, is the
following quantity:

Ku&ﬁp:nﬁ{f—hm+6"hm

J plnl e L,,(Q)}, §>0.

Let Z,, n € N, denote the sets of all continuous strictly increasing functions w(t), ¢ € [0, 1], with w(0) =0
satisfying the following conditions:

/Oéw(t)dtO(w(é)), 50+, and /;w(t)dt(?(w(?), 550+

t t7z+1

Theorem. Assume that
fely(), 1<p<oo, mreN, n<r and we€2Z,.

Then
If = Agr(Nllp =0 (1= 0) "w(l —0)), o—1-,
iff there exists the derivative f'=" € L,(Q) and

K, (5, f[“"])p — OW(5), 60+,

For 2m-periodic functions and for functions of several variables 2m-periodic in each variable, similar direct
and inverse theorems of approximation by the Taylor-Abel-Poisson means in the integral metrics were given in
[3] and [4] respectively.

[1] J. Sun, Multivariate Fourier series over a class of non tensor-product partition domains, J. Comput. Math.,
21, (2003), 53-62.

[2] Y. Xu, Fourier Series and Approzimation on Hexagonal and Triangular Domains, Constr. Approx., 31,
(2010), 115-138.

[3] J. Prestin, V.V. Savchuk, A.L. Shidlich, Direct and inverse approxzimation theorems of 2mw-periodic functions
by Taylor-Abel-Poisson means, Ukr. Mat. J., 69, (2017), 766—781.

[4] J. Prestin, V.V. Savchuk, A.L. Shidlich, Approzimation theorems for multivariate Taylor-Abel-Poisson
means, Stud. Univ. Babeg-Bolyai Math., 64, (2019), 313—-329.
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P-summability method applied on an integral type operator based
on multivariate ¢-Lagrange polynomials

R. Shukla, P.N. Agrawal
Indian Institute of Technology Roorkee, Haridwar, India

rshukla@ma.iitr.ac.in, p.agrawal@ma.iitr.ac.in

B. Baxhaku

University of Prishtina, Prishtina, Kosovo

behar.baxhaku@uni-pr.edu

In this work, using g-Riemann integral, we introduce an integral type generalization of an operator [1] based
on g-multivariate Lagrange polynomials. Using P-summability method, we provide a non-trivial Korovkin type
theorem for the proposed operators and establish error in approximation in terms of the modulus of continuity.
At last, we discuss an advantage of our convergence theorem over the classical Korovkin’s theorem on linear
positive operators.

[1] B. Baxhaku, P.N. Agrawal, R. Shukla, Bi-variate positive linear operators constructed by means of q-
Lagrange polynomials, J. Math. Anal. Appl., 491, (2020), 1-24.

The Landau-Kolmogorov problem on a finite interval
in the Taikov case

Dmytro Skorokhodov
Oles Honchar Dnipro National University, Dnipro, Ukraine

dmitriy.skorokhodov@gmail.com

Let k,r € Z4+, 0 < k < r — 1. Throughout the note we study classes of functions defined on the interval
[—1,1]. We consider the Landau-Kolmogorov problem in the Taikov case, i.e. the problem of finding the modulus
of continuity of operator D* : Ly — Lo on the class W3 := {f € L} : ||f(’“)||2 <1}

Q(8) = Q(8; D*;Wy) = sup {[ /Pl : F €W, [Ifll2 <6}, 620 (1)
Also, we consider its pointwise analogue: for t € [—1, 1], find
04(8) = Q8; Dy W3) = sup {|f P ()] = feWs, [Ifll<d}, 6=0. (2)

Problems (1) and (2) are fully solved for functions defined on R [1], T [2], Ry [3, 4]. However, no sharp
results are known for functions defined on finite interval.

We solve problem (2) for all admissible k, r and . Let us formulate corresponding solution in the case
t = —1. For A > 0, consider boundary value problem

(=) u®)(z) + Au(x) =0, € (~1,1),
u(=1) = (=1)* 16, 41, s=0,1,...,7—1, (3)
u®) (1) =0, s=0,1,...,7— 1.
Theorem. Letr € Nand k € Z,, k <r —1. Then, for every 6 > 0,
Q(8) = Q& D, : Ly — R W) = [l [[28 + [fu 2,

where A = A(6) > 0 is such that \d - ||ux]l2 = HUE\T)HQ and uy € L3 solves (3).
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For problem (1) we formulate Karlin’s type conjecture: for every § > 0,
Q(0) =sup {Q2:(0) : t € [-1,1]} = Q_1(0). (4)

We confirm conjecture (4) for r =1 and r = 2. Also, we show that conjecture (4) holds true for some r € N
and k € {0,1,...,r— 1} immediately, if we prove that for every eigen-function ¢ of the boundary value problem

(=) u®)(z) = Mu(z) =0, z€(—1,1),
u(s)(_]_):u(s (1):07 s=0,1,...,7r—1,

its derivative (") has the property:

Vo € [~1,1] : [ (2)] < TR (1)),

[1] L.V. Taikov, Kolmogorov-type inequalities and the best formulas for numerical differentiation, Math. Notes,
4, (1968), 631-634.

[2] A.Yu. Shadrin, Inequalities of Kolmogorov type and estimates of spline interpolation on periodic classes
Wi, Math. Notes, 48, (1990), 1058-1063.

[3] V.N. Gabushin, On the best approzimation of the differentiation operator on the half-line, Math. Notes, 6,
(1969), 804—810.

[4] G.A. Kalyabin, Sharp Constants in Inequalities for Intermediate Derivatives (the Gabushin Case), Funct.
Anal. Appl., 38, (2004), 184-191.

Kantorovich modifications of sampling type operators
for multivalued functions

Metin Turgay, Sadettin Kursun, Tuncer Acar
Selcuk University, Konya, Turkey

metinturgayl@gmail.com, sadettin4342@gmail.com, tunceracar@ymail.com

The present talk deals with a construction of Kantorovich version of sampling type operators in multivariate
case. We present pointwise convergence of the series at continuity points of target functions and uniform
convergence for uniformly logarithmic continuous functions. A rate of convergence for the series is also presented
via logarithmic modulus of continuity and a Voronovskaya theorem for Mellin differentiable functions is obtained
as well.

Acknowledgements. The second and third authors have been supported within TUBITAK (The Scientific
and Technological Research Council of Turkey) 3501-Project 119F263.

[1] T. Acar, D. Costarelli, G. Vinti, Linear prediction and simultaneous approzimation by m-th order Kan-
torovich type sampling series, Banach J. Math. Anal., 14, (2020), 1481-1508.

[2] S.K. Angamuthu, S. Bajpeyi, Direct and Inverse Results for Kantorovich Type Exponential Sampling Series.
Results Math., 75, (2020), 119; https://doi.org/10.1007/s00025-020-01241-0.

[3] L. Angeloni, D. Costarelli, G. Vinti, Approzimation properties of mized sampling-Kantorovich operators,
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[4] C. Bardaro, G. Bevignani, I. Mantellini, M. Seracini, Bivariate Generalized Exponential Sampling Series
and Applications to Seismic Waves, Constr. Math. Anal., 2, (2019), 153-167.

[5] C. Bardaro, P.L. Butzer, R.L. Stens, G. Vinti, Prediction by samples from the past with error estimates
covering discontinuous signals, IEEE Trans. Inform. Theory, 56, (2010), 614-633.
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[7] C. Bardaro, I. Mantellini, G. Schmeisser, Ezponential Sampling Series: Convergence in Mellin—Lebesgue
Spaces, Results Math., 74, (2019), 119; https://doi.org/10.1007/s00025-019-1044-5.

[8] S. Kursun, M. Turgay, O. Alagdz, T. Acar, Multidimensional modifications of exponential sampling series,
submitted, (2021).
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On the widths of classes of functions of two variables

S.B. Vakarchuk
Alfred Nobel University, Dnipro, Ukraine
sbvakarchuk@gmail.com

M.B. Vakarchuk
Oles Gonchar Dnipro National University, Dnipro, Ukraine

mihailvakarchuk@gmail.com

By L2(R?), where
R?=R xR = {(z,y) : —00 < x,y < 00},
we denote the space of real functions measurable and square summable on the plane R%. By symbol Ly, (R),
where (z,y) = exp(—x? — y?), stands for the set of functions f : R? — R for which y'/2 . f € Ly(R?).

The formula
1/2

1l = 1 2o g2y = / / () £, y)dady
R2

defines the norm in the space La . (R?).
Let’s consider the differential operator

By symbol Lgﬁ(RQ), r € N, we denote the class of functions f € Lo, (R?), having generalized partial

k
derivatives %, where 1 + j = k,k = 1,2r; 4,5 € Z,, which belong to the space LQW(R2). In this case we
T oy
consider that

D'f=D(D"'f), reN quadD’f = f.

It is obviously that for any f € L5 _ (R?) the function D" f belongs to Ly ,(R?). Hence, we shall write L5 _ (D, R?)
instead of Lj . (R?).

Let LTO(D R?), r € N, be the classes, consisting of functions f € Lj_(D,R?) such that them Fourier -
Hermite coefficients ¢;o(f) = ¢;o(f) = coo(f) = 0 for any ¢,j € N.

By symbol Q,, ,(f,t), where t € (0,1), m € N, we denote the generalized modulus of continuity of the m-th
order of function f € Lo ,(R), formed by the operator of generalized shift

Fj, : Ly (R?) — Lo (R?),

which has the form [1]

Ff(z,y) = /f z\/1—h%+ hu,yV/'1 — h? + hv)7(u, v)dudv.

Let P,,—1, where n € N, be the subspace of algebraic polynomials of the form

Pn—1 ZE y g azyx y
i+7j=0
(i,J€Z4)
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and let E,_1(f)2, be the best approximation of a function f € Lo ,(R?) by elements of the subspace P,,_1 in
Lo (R?). For the set M C Ly - (R?) we take

E7l—1(m)27"{ = SUP{En—l(f)Q,W s fent.

Let ¥(t), t € [0,1], be a monotonically increasing and continuous function such that ¥(0) = 0. By

Wy %(Q,, 4, ¥), where 7,m, € N, we denote the classes consisting of functions f € Ly° (D, R?) for which the

0
: R
inequality

Oy (D7 f,1) < W(1)

holds for any value t € (0,1).
We formulate one of our results.

Theorem. Let m,r € N; n € N\{1}; k = 0,n, and let the function ¥ be a majarant which satisfies the condition

_ 14+ (1 —)Y2)ymw(t — (7
inf (1+( )) ():2 lim % (1)

0<t<1 t2m t—0+

Then the following equalities hold

om-T (4
- 1IN ’
nm—i—T t—0+ t2m

pn(n+1)/2+k(W2T’O(Qm,’yv ‘I’)§L2,W(R2)) = En—l(W;O(Qmm \IJ))QKY =
where
pn(n+1)/2+k(W2T’0 (R ¥); Lo,y (R%))

is any of the widths: Bernstein, Kolmogorov, linear, Gel’fand, projective, orthowidth (or Fourier width).
There are different wide classes of majorants which satisfy the condition (1). Let’s consider one of them:

(1+tH™ —1

U (n,t) = (W

) ), o<t<,
where 7(t) is an arbitrary continuous, nondecreasing and positive function on the segment [0, 1].
The formula (1) holds for ¥,,(n). Hence, we obtain from (2)

m
2rnm+r

pn(n+1)/2+k(W2T7O(Qmﬂa U, (n)); L27’Y(R2)) = En—l(WQnO(Qmﬁv \IJM(U)))Q,W = n(0), k=0,n.

[1] V.A. Abilov, F.V. Abilova, Approzimation of functions in the space Lo(RY;exp (—|x|?)), Math. Notes, 57,
(1995), 3-14.

Approximation by sampling type operators and applications

Gianluca Vinti
University of Perugia, Perugia, Italy

gianluca.vinti@unipg.it

In this talk, T will deal with some recent approximation results for sampling type operators, as estimates,
convergence, rate of approximation, inverse theorems and saturation order. I will discuss the importance of
the family of the operators considered, not only from a theoretical point of view, but also through their use in
concrete applications.
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